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2 行列式論

2.10.1 行列式の交代多重線形性

C

(1) 行列式の交代多重線形性を用いて, 複素数を要素とする次の行列の行列式を求めよ.

[(1-3)の解答例]

det


a b c d

d a b c

c d a b

b c d a

 = det


a+ b+ c+ d b c d

a+ b+ c+ d a b c

a+ b+ c+ d d a b

a+ b+ c+ d c d a


Ã

第 1列に第 2列,第 3列,

第 4列をそれぞれ足す.

!

= (a+ b+ c+ d) · det


1 b c d

1 a b c

1 d a b

1 c d a


Ã

第 1列から (a+ b+ c+ d)

をくくり出す.

!

= (a+ b+ c+ d) · det


1 b c d

0 a− b b− c c− d
0 −(b− d) a− c b− d
0 c− b d− c a− d


Ã

第 2行,第 3行,第 4行から

第 1行をそれぞれ引く.

!

= (a+ b+ c+ d) · (−1)1+1 · det

 a− b b− c c− d
−(b− d) a− c b− d
c− b d− c a− d

 Ã
第 1列で

ラプラス展開.

!

= (a+ b+ c+ d) · det

 a− b+ c− d b− c c− d
0 a− c b− d

a− b+ c− d d− c a− d

 ³
第 1列に第 3列を足す.

´

= (a+ b+ c+ d)(a− b+ c− d) · det

 1 b− c c− d
0 a− c b− d
1 d− c a− d


 第 1列から

(a− b+ c− d)
をくくり出す.



= (a+ b+ c+ d)(a− b+ c− d) · det

 1 b− c c− d
0 a− c b− d
0 −(b− d) a− c

 Ã
第 3列から

第 1行を引く.

!

= (a+ b+ c+ d)(a− b+ c− d) · (−1)1+1 · det
Ã

a− c b− d
−(b− d) a− c

! Ã
第 1列で

ラプラス展開.

!

= (a+ b+ c+ d)(a− b+ c− d) ¡(a− c)2 + (b− d)2¢ . ■
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[(1-4)の解答例]

det


a b c d e

b a b c d

c b a b c

d c b a b

e d c b a

 = det


a− e b− d c d e

b− d a− c b c d

0 0 a b c

−(b− d) −(a− c) b a b

−(a− e) −(b− d) c b a


³

第 1列から第 5列を引き, 第 2列から第 4列を引く.
´

= det


a− e b− d c d e

b− d a− c b c d

0 0 a b c

0 0 2b a+ c b+ d

0 0 2c b+ d a+ e


Ã

第 4行に第 2行を足し,

第 5行に第 1行を足す.

!

= det

Ã
a− e b− d
b− d a− c

!
· det

 a b c

2b a+ c b+ d

2c b+ d a+ e


=

¡
(a− e)(a− c)− (b− d)2¢

× ¡a(a+ c)(a+ e) + 4bc(b+ d)− 2c2(a+ c)− a(b+ d)2 − 2b2(a+ e)¢ . ■

[(1-5)の解答例]

det



1 x1 x21 x31 x41 x51
1 x2 x22 x32 x42 x52
1 x3 x23 x33 x43 x53
1 x4 x24 x34 x44 x54
1 x5 x25 x35 x45 x55
1 x6 x26 x36 x46 x56


= det



1 x1 x21 x31 x41 x51
0 x2 − x1 x22 − x21 x32 − x31 x42 − x41 x52 − x51
0 x3 − x1 x23 − x21 x33 − x31 x43 − x41 x53 − x51
0 x4 − x1 x24 − x21 x34 − x31 x44 − x41 x54 − x51
0 x5 − x1 x25 − x21 x35 − x31 x45 − x41 x55 − x51
0 x6 − x1 x26 − x21 x36 − x31 x46 − x41 x56 − x51


³

第 2行,第 3行,第 4行,第 5行,第 6行から第 1行をそれぞれ引く.
´

= det


x2 − x1 x22 − x21 x32 − x31 x42 − x41 x52 − x51
x3 − x1 x23 − x21 x33 − x31 x43 − x41 x53 − x51
x4 − x1 x24 − x21 x34 − x31 x44 − x41 x54 − x51
x5 − x1 x25 − x21 x35 − x31 x45 − x41 x55 − x51
x6 − x1 x26 − x21 x36 − x31 x46 − x41 x56 − x51


³

第 1列でラプラス展開.
´
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= (x2 − x1)(x3 − x1)(x4 − x1)(x5 − x1)(x6 − x1)

× det


1 x2 + x1 x22 + x2x1 + x

2
1 x32 + x

2
2x1 + x2x

2
1 + x

3
1 x42 + x

3
2x1 + x

2
2x
2
1 + x2x

3
1 + x

4
1

1 x3 + x1 x23 + x3x1 + x
2
1 x33 + x

2
3x1 + x3x

2
1 + x

3
1 x43 + x

3
3x1 + x

2
3x
2
1 + x3x

3
1 + x

4
1

1 x4 + x1 x24 + x4x1 + x
2
1 x34 + x

2
4x1 + x4x

2
1 + x

3
1 x44 + x

3
4x1 + x

2
4x
2
1 + x4x

3
1 + x

4
1

1 x5 + x1 x25 + x5x1 + x
2
1 x35 + x

2
5x1 + x5x

2
1 + x

3
1 x45 + x

3
5x1 + x

2
5x
2
1 + x5x

3
1 + x

4
1

1 x6 + x1 x26 + x6x1 + x
2
1 x36 + x

2
6x1 + x6x

2
1 + x

3
1 x46 + x

3
6x1 + x

2
6x
2
1 + x6x

3
1 + x

4
1


Ã

第 1行から (x2 − x1),第 2行から (x3 − x1),第 3行から (x4 − x1),
第 4行から (x5 − x1),第 5行から (x6 − x1)をそれぞれくくり出す.

!

以下、上記の手順を繰り返す.

= (x2 − x1)(x3 − x1)(x4 − x1)(x5 − x1)(x6 − x1)

× det


1 x2 + x1 x22 + x2x1 + x

2
1 x32 + x

2
2x1 + x2x

2
1 + x

3
1

0 x3 − x2 (x3 − x2)(x3 + x2 + x1) (x3 − x2)(x23 + x22 + x21 + x1x2 + x1x3 + x2x3)
0 x4 − x2 (x4 − x2)(x4 + x2 + x1) (x4 − x2)(x24 + x22 + x21 + x1x2 + x1x4 + x2x4)
0 x5 − x2 (x5 − x2)(x5 + x2 + x1) (x5 − x2)(x25 + x22 + x21 + x1x2 + x1x5 + x2x5)
0 x6 − x2 (x6 − x2)(x6 + x2 + x1) (x6 − x2)(x26 + x22 + x21 + x1x2 + x1x6 + x2x6)

x42 + x
3
2x1 + x

2
2x
2
1 + x2x

3
1 + x

4
1

(x3 − x2)
¡
(x23 + x

2
2 + x

2
1)(x1 + x2 + x3) + x1x2x3

¢
(x4 − x2)

¡
(x24 + x

2
2 + x

2
1)(x1 + x2 + x4) + x1x2x4

¢
(x5 − x2)

¡
(x25 + x

2
2 + x

2
1)(x1 + x2 + x5) + x1x2x5

¢
(x6 − x2)

¡
(x26 + x

2
2 + x

2
1)(x1 + x2 + x6) + x1x2x6

¢


= (x2 − x1)(x3 − x1)(x4 − x1)(x5 − x1)(x6 − x1)

× det


x3 − x2 (x3 − x2)(x3 + x2 + x1) (x3 − x2)(x23 + x22 + x21 + x1x2 + x1x3 + x2x3)
x4 − x2 (x4 − x2)(x4 + x2 + x1) (x4 − x2)(x24 + x22 + x21 + x1x2 + x1x4 + x2x4)
x5 − x2 (x5 − x2)(x5 + x2 + x1) (x5 − x2)(x25 + x22 + x21 + x1x2 + x1x5 + x2x5)
x6 − x2 (x6 − x2)(x6 + x2 + x1) (x6 − x2)(x26 + x22 + x21 + x1x2 + x1x6 + x2x6)

(x3 − x2)
¡
(x23 + x

2
2 + x

2
1)(x1 + x2 + x3) + x1x2x3

¢
(x4 − x2)

¡
(x24 + x

2
2 + x

2
1)(x1 + x2 + x4) + x1x2x4

¢
(x5 − x2)

¡
(x25 + x

2
2 + x

2
1)(x1 + x2 + x5) + x1x2x5

¢
(x6 − x2)

¡
(x26 + x

2
2 + x

2
1)(x1 + x2 + x6) + x1x2x6

¢
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= (x2 − x1)(x3 − x1)(x4 − x1)(x5 − x1)(x6 − x1)
×(x3 − x2)(x4 − x2)(x5 − x2)(x6 − x2)

× det


1 x3 + x2 + x1 x23 + x

2
2 + x

2
1 + x1x2 + x1x3 + x2x3

1 x4 + x2 + x1 x24 + x
2
2 + x

2
1 + x1x2 + x1x4 + x2x4

1 x5 + x2 + x1 x25 + x
2
2 + x

2
1 + x1x2 + x1x5 + x2x5

1 x6 + x2 + x1 x26 + x
2
2 + x

2
1 + x1x2 + x1x6 + x2x6

(x23 + x
2
2 + x

2
1)(x1 + x2 + x3) + x1x2x3

(x24 + x
2
2 + x

2
1)(x1 + x2 + x4) + x1x2x4

(x25 + x
2
2 + x

2
1)(x1 + x2 + x5) + x1x2x5

(x26 + x
2
2 + x

2
1)(x1 + x2 + x6) + x1x2x6


= (x2 − x1)(x3 − x1)(x4 − x1)(x5 − x1)(x6 − x1)

×(x3 − x2)(x4 − x2)(x5 − x2)(x6 − x2)

× det


1 x3 + x2 + x1 x23 + x

2
2 + x

2
1 + x1x2 + x1x3 + x2x3

0 x4 − x3 (x4 − x3)(x4 + x3 + x2 + x1)
0 x5 − x3 (x5 − x3)(x5 + x3 + x2 + x1)
0 x6 − x3 (x6 − x3)(x6 + x3 + x2 + x1)

(x23 + x
2
2 + x

2
1)(x1 + x2 + x3) + x1x2x3

(x4 − x3)
¡
x24 + x

2
3 + x

2
2 + x

2
1 + x1x2 + x1x3 + x1x4 + x2x3 + x2x4 + x3x4

¢
(x5 − x3)

¡
x25 + x

2
3 + x

2
2 + x

2
1 + x1x2 + x1x3 + x1x5 + x2x3 + x2x5 + x3x5

¢
(x6 − x3)

¡
x26 + x

2
3 + x

2
2 + x

2
1 + x1x2 + x1x3 + x1x6 + x2x3 + x2x6 + x3x6

¢


= (x2 − x1)(x3 − x1)(x4 − x1)(x5 − x1)(x6 − x1)
×(x3 − x2)(x4 − x2)(x5 − x2)(x6 − x2)

× det

 x4 − x3 (x4 − x3)(x4 + x3 + x2 + x1)
x5 − x3 (x5 − x3)(x5 + x3 + x2 + x1)
x6 − x3 (x6 − x3)(x6 + x3 + x2 + x1)

(x4 − x3)
¡
x24 + x

2
3 + x

2
2 + x

2
1 + x1x2 + x1x3 + x1x4 + x2x3 + x2x4 + x3x4

¢
(x5 − x3)

¡
x25 + x

2
3 + x

2
2 + x

2
1 + x1x2 + x1x3 + x1x5 + x2x3 + x2x5 + x3x5

¢
(x6 − x3)

¡
x26 + x

2
3 + x

2
2 + x

2
1 + x1x2 + x1x3 + x1x6 + x2x3 + x2x6 + x3x6

¢
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= (x2 − x1)(x3 − x1)(x4 − x1)(x5 − x1)(x6 − x1)
×(x3 − x2)(x4 − x2)(x5 − x2)(x6 − x2)

×(x4 − x3)(x5 − x3)(x6 − x3)

× det

 1 x4 + x3 + x2 + x1 x24 + x
2
3 + x

2
2 + x

2
1 + x1x2 + x1x3 + x1x4 + x2x3 + x2x4 + x3x4

1 x5 + x3 + x2 + x1 x25 + x
2
3 + x

2
2 + x

2
1 + x1x2 + x1x3 + x1x5 + x2x3 + x2x5 + x3x5

1 x6 + x3 + x2 + x1 x26 + x
2
3 + x

2
2 + x

2
1 + x1x2 + x1x3 + x1x6 + x2x3 + x2x6 + x3x6


= (x2 − x1)(x3 − x1)(x4 − x1)(x5 − x1)(x6 − x1)

×(x3 − x2)(x4 − x2)(x5 − x2)(x6 − x2)
×(x4 − x3)(x5 − x3)(x6 − x3)

× det

 1 x4 + x3 + x2 + x1 x24 + x
2
3 + x

2
2 + x

2
1 + x1x2 + x1x3 + x1x4 + x2x3 + x2x4 + x3x4

0 x5 − x4 (x5 − x4)(x5 + x4 + x3 + x2 + x1)
0 x6 − x4 (x6 − x4)(x6 + x4 + x3 + x2 + x1)


= (x2 − x1)(x3 − x1)(x4 − x1)(x5 − x1)(x6 − x1)

×(x3 − x2)(x4 − x2)(x5 − x2)(x6 − x2)
×(x4 − x3)(x5 − x3)(x6 − x3)

× det
Ã
x5 − x4 (x5 − x4)(x5 + x4 + x3 + x2 + x1)
x6 − x4 (x6 − x4)(x6 + x4 + x3 + x2 + x1)

!

= (x2 − x1)(x3 − x1)(x4 − x1)(x5 − x1)(x6 − x1)
×(x3 − x2)(x4 − x2)(x5 − x2)(x6 − x2)

×(x4 − x3)(x5 − x3)(x6 − x3)
×(x5 − x4)(x6 − x4)

× det
Ã
1 x5 + x4 + x3 + x2 + x1

1 x6 + x4 + x3 + x2 + x1

!

= (x2 − x1)(x3 − x1)(x4 − x1)(x5 − x1)(x6 − x1)
×(x3 − x2)(x4 − x2)(x5 − x2)(x6 − x2)

×(x4 − x3)(x5 − x3)(x6 − x3)
×(x5 − x4)(x6 − x4)

× det
Ã
1 x5 + x4 + x3 + x2 + x1

0 x6 − x5

!

= (x2 − x1)(x3 − x1)(x4 − x1)(x5 − x1)(x6 − x1)
×(x3 − x2)(x4 − x2)(x5 − x2)(x6 − x2)

×(x4 − x3)(x5 − x3)(x6 − x3)
×(x5 − x4)(x6 − x4)

×(x6 − x5). ■
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(2) 行列式の交代多重線形性を用いて, 複素数を要素とする次の行列の行列式を求めよ.

[(2-2)の解答例]

det


a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 0 0

a41 a42 0 0

 = (−1)2 · det


a13 a14 a11 a12

a23 a24 a21 a22

0 0 a31 a32

0 0 a41 a42




第 1列と第 3列

を入れ替え,

第 2列と第 4列

を入れ替える.



= det

Ã
a13 a14

a23 a24

!
· det

Ã
a31 a32

a41 a42

!

= (a13a24 − a14a23)(a31a42 − a32a41). ■

[(2-3)の解答例]

det


a11 a12 0 0

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 0 0

 = (−1) · det


a11 a12 0 0

a41 a42 0 0

a31 a32 a33 a34

a21 a22 a23 a24


Ã

第 2行と第 4行

を入れ替える.

!

= (−1) · det
Ã
a11 a12

a41 a42

!
· det

Ã
a33 a34

a23 a24

!

= −(a11a42 − a12a41)(a33a24 − a34a23). ■

[(2-5)の解答例]

det


0 a12 a13 0

a21 a22 a23 a24

a31 a32 a33 a34

0 a42 a43 0

 = (−1) · det


a31 a32 a33 a34

a21 a22 a23 a24

0 a12 a13 0

0 a42 a43 0


Ã

第 1行と第 3行

を入れ替える.

!

= (−1) · (−1) · det


a31 a34 a33 a34

a21 a24 a23 a24

0 0 a13 a12

0 0 a43 a42

 ³
第 2列と第 4列を入れ替える.

´

= det

Ã
a31 a34

a21 a24

!
· det

Ã
a13 a12

a43 a42

!

= (a31a24 − a34a21)(a13a42 − a12a43). ■
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